1. Introduction
Introduction
The study of macroscopic quantum tunneling (MQT) and macroscopic quantum coherence (MQC) of spins or magnetization has a long history in physics [3] . The term "macroscopic" simply means that the system involves very large spin, therefore it can be described using a semi-classical approach. For tunneling to take place, there must be a barrier separating two states. In the case of spins, this mainly involves the tunneling of a macroscopic variable (say σ or M 0 = µ B σ, where µ B is the Bohr magneton) through a barrier between two minima of the effective potential of the system. In MQC, tunneling between neighbouring degenerate vacua is dominated by the instanton configuration with nonzero topological charge and it leads to an energy level splitting. Tunneling removes the degeneracy of the ground states, and the true ground state is the superposition of the two degenerate ground states. In MQT, tunneling is dominated by the bounce configuration [7] with zero topological charge and it leads to the decay of the metastable states. The tunneling effect in spin systems occur both in ferromagnetic and anti-ferromagnetic materials [5, 4, 3] . In ferromagnetic materials, the macroscopic variables satisfy the well known Landua-Lifshitz differential equation as we shall see soon.
The theoretical problem of tunneling effect involves the calculation of one object-the tunneling rate (energy splitting). This rate can be calculated semi-classically using two major methods, namely, the WKB method and the instanton method. The instanton method for calculating tunneling amplitude has been studied extensively in one dimension using the imaginary time path integral [7] . For spin systems, however, the imaginary time path integral (coherent-spin-state path integral) gives an additional phase to the transition amplitude. The Euclidean action from this method is first order in time derivative and it has two terms. The first term is the Wess-Zumino term or Berry phase term which is completely imaginary and the second term is the spin (magnetic) anisotropy energy. This term is real and it is the term responsible for the energy barrier between two states.
The outline of this essay is as follows: In chapter 2, we shall calculate the one instanton contribution to the tunneling rate in small ferromagnetic particles by following closely the method in [3] . We will show that this method uses the incomplete Wess-Zumino term which makes the tunneling rate of half-odd-integer and integer spins to be equivalent. We will further compute the crossover temperature T C , above which the transition process is dominated by thermal hopping over the energy barrier and the transition rate follows the rate Γ = ω 0 exp [−U/k B T C ], where U is the energy barrier and ω 0 is the attempt frequency. Below T C , quantum tunneling dominates thermal hopping and one should expect a temperatureindependent rate of the form Γ = ω 0 exp [−B], where B is the Euclidean (imaginary time t = −iτ ) action evaluate along the instanton path.
In chapter 3, we will resolve the problem of the tunneling rate of half-odd-integer and integer spins via coherent-state-path integral method. We will show that the complete Wess-Zumino term leads to a topological phase in the tunneling amplitude. This phase causes a destructive or constructive interference between tunneling paths which leads to the suppression of tunneling rate for half-odd-integer spins (destructive interference) but unsuppressed for integer spins (constructive interference) [8, 13] . The suppression of tunneling rate occurs both in ferromagnetic and antiferromagnetic particles. It is as a result of quantum phase interference between tunneling paths of opposite windings. We will also see that if the Hamiltonian is invariant under time-reversal (T) symmetry, the suppression of tunneling rate for half-odd-integer spins is related to the Kramers degeneracy. However, tunneling can also be suppressed with the inclusion of a Zeeman term to the Hamiltonian, in this case the suppression of tunneling is not related to the Kramers degeneracy [11] since this term breaks the T symmetry. Finally, in chapter 4, we will make some concluding remarks. At equilibrium state, the magnetic domains orient themselves so as to minimize the magnetic anisotropy energy. The general form of the classical energy is given by
where C is a constant, M i is the magnetic vector, α ij and β ijkl are determined by the crystalline anisotropy and by the shape of the magnetic particle. The magnetic vector has at least two or more low-energy directions. Time reversal symmetry gives M −→ −M, and hence E(M) = E(−M). Therefore, the minimum energy is at least doubly degenerate if it is not at M = 0. Recent investigations have shown that there is a possibility for quantum tunneling of the magnetic vector between these directions which removes the degeneracy of the ground state. In the presence of an external magnetic field, the magnetic domains begin to align with the magnetic field giving rise to a net magnetization, the corresponding energy is given by
The degeneracy of the energy is thus broken since the magnetic field breaks the time reversal symmetry of the system.
In this section, we shall calculate the tunneling rate of M between degeneracy minima from the classical treatment of the dynamical equations of M. In the absence of dissipation, the dynamical equation for M is given by
often called the Landua-Lifshitz equation. It describes the rotation of a ferromagnetic magnetization in response to torques. The constant γ ≡ ge/2mc, where g is the gyromagnetic ratio.
Expressing M in spherical coordinate system i.e M = M 0 e r = M 0 (sin θ cos φ, sin θ sin φ, cos θ), M =θe θ +φ sin θe φ , τ = −γe φ ∂E/∂θ + γe θ ∂E/ sin θ∂φ, one can then obtain Eq. (2.3) directly from the Minkowski action
Introducing the canonical variables
where S z is the z projection of the total spin of the particle, the Lagrangian of the system can be written as
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The semi-classical tunneling problems are often treated by switching to the imaginary time (t = −iτ ) action or Euclidean action. The corresponding Euclidean action of (2.4) is
Minimizing the action (2.7) with respect to θ and φ, we have 9) whereθ andφ are the classical paths that minimize the action. Since the anisotropy energy E is real, these two equations are inconsistent unless eitherθ orφ is imaginary. 
Models for small ferromagnetic particles
We shall start with the analysis of a small ferromagnetic particle with XOY -easy-plane anisotropy with easy axis along the x-direction in the plane, medium axis along the ydirection and hard axis along the z-direction considered as model I in [3] . The classical anisotropy energy E is of the form Before we proceed further, let us point out that not all quantum spin Hamiltonian possess quantum tunneling. As an example let us consider the simplest anisotropy energy
where K z > 0 is an anisotropy constant, H is the magnetic field and γ is related to the g factor. Eq. (2.11) corresponds to the quantum spin Hamiltonian
A quick glance at (2.12) shows that the Hamiltonian commutes withŜ z . ThereforeŜ z is a conserved quantum number and the above Hamiltonian cannot possess any quantum transition. This is easily seen by lack of instanton solution of (2.8) and (2.9) using (2.11 
The energy remains zero along the instanton trajectory. Using (2.10) and (2.13) we obtain an expression for cosθ in terms ofφ:
where λ = K y /K z . Substituting (2.14) into (2.9) we obtain an equation forφ only:
where
Integrating (2.15) we obtain the instanton solution
Notice that the instanton is a real function of τ which corresponds to the switching of M fromφ = 0 at τ = −∞ toφ = π at τ = ∞. The action for this path can be obtained by substituting equations (2.13) and (2.14) into (2.7), this gives
The one instanton contribution to the tunneling rate is given by the expression [3, 6, 7 ]
clearly commutes with M x . Thus we expect the tunneling rate to go to zero. This is obviously the case since λ → 1 in this limit, therefore P → 0. Recent experiments suggest that this tunneling effect is observable in particles with several thousand of large spins i.e M 0 / γ is Section 2.1. Tunneling of magnetic moment (spins) in small ferromagnetic particlesPage 9 very large, so the tunneling rate (2.18) can be observed when λ << 1 which implies that
Consider the classical anisotropy energy
where H is applied along the z-axis. This model is considered as model III in [3] . Up to a constant, this is equivalent to
It can be easily shown that for φ = 0 , and provided H < H c = 2K z M 0 /γ, the energy has two local minima at θ = 0 and θ = π and a maximum at cos
for this model will be done to leading order in . In the limit → 0, both θ and φ are small, we get from (2.20)
In order to find the bounce solution, we use the conservation of energy (2.13) to expressφ in terms ofθ:φ
We can now eliminateφ from (2.8) using (2.22) and the resulting equation iṡ
Integrating we obtain the bounce solution 
which corresponds to interpolation ofθ fromθ = 0 at
and then back toθ = 0 at τ = ∞. The action for the bounce path is given by
(2.25)
The tunneling rate in this case is given by the expression
At high temperature T > T c , where T c is the crossover temperature, quantum transition is dominated by thermal hopping over the barrier. Thus the transition rate follows the law:
where K B is the Boltzmann constant and U = M 2 0 K z 2 is the height of the barrier. Comparing (2.26) and (2.27) we obtain the crossover temperature
Tunneling of spins in small antiferromagnetic particles
The quantum mechanical coupling between magnetic moments in some materials is such that adjacent magnetic moments tend to line up along opposite directions. The long-range order in these materials can be described in terms of two opposing ferromagnetic sublattices which is the simplest form of the Neél model. If the net magnetizations of the two sublattices are equal, the material is called an antiferromagnet. In the absence of an external magnetic field, the magnetization of the two sublattices are opposite to each other i.e M 1 = −M 2 , so the total magnetization cancels, yielding no net magnet moment. Antiferromagnetic order is characterized by the Neél vector of unit length
In this case, we are interested in the quantum tunneling of N between two opposite orientations, |↑↓ and |↓↑ . In the absence of an external magnetic field, the Lagrangian of the
where χ ⊥ is the perpendicular susceptibility with respect to the equilibrium orientation of N along the anisotropy axis n, γ = e/mc, α and K are the exchange interaction constants correspondingly. Now for a small particle, the spatial derivatives of N are suppressed by the exchange interaction, so N may depend only on time. Representing N in spherical coordinate system (n · N = cos θ), we obtain from (2.30)
where V is the volume of the particle. We have added a constant term in (2.31) for convenience.
The degenerate classical minimum energy E = 0 corresponds to the equilibrium orientations of N at θ = 0 and θ = π. The tunneling rate between these two degenerate minima can be found by switching to the imaginary time version of (2.31):
32)
The equations of motion from the Euclidean action are
A classical rotation of N may occur in any plane φ = const. Thus, we have
and the corresponding instanton solution is
This solution corresponds to a subbarrier rotation of N from θ = 0 at τ = −∞ to θ = π at τ = ∞. The action for this path is easily obtained from (2.32) as:
Thus, the tunneling rate is
At high temperature the tunneling rate is dominated by the thermal hopping over the energy
KV and the critical (crossover) temperature is given by Similar to the case of harmonic oscillator, we can obtain the state |s, m by applying the operatorŜ − =Ŝ x − iŜ y , p times to the state with maximum value of m, i.e |s, s ≡ |0 :
where |p is such thatŜ
In order to be consistent with (3.1), we can identify the state |p and the eigenvalue p as Consider the state where µ runs over the complex plane and N is a normalization factor. The normalization factor can be obtained from the condition:
Hence, the normalized state is
The overlap between two states |µ and |µ is 8) and the completeness relation is
In terms of the spherical parametrization θ and φ, 0 ≤ θ < π, 0 ≤ φ < 2π, we have [15, 17] The overlap becomes 12) it follows that, after a lot of algebra For infinitesimal separated angles, δφ = φ − φ, δθ = θ − θ, the overlap (3.12) becomes
and for large s Having developed all these tools, let us now construct the path integral representation for the transition amplitude between two spin configurations. Following the usual procedure [12] , we discretize the time interval into N identical pieces of length = β/N and insert a complete set of states at each site,
where τ j = τ + j , |n(τ 0 ) = |n a and |n(τ N ) = |n b . In the limit of large s, we use (3.14)
and (3.15) and write the right hand side of (3.17) as
(3.18)
In the continuum limit N −→ ∞, −→ 0 we have
where the Euclidean Lagrangian is
The coordinates (θ, φ) label the coherent spin state |θ, φ for a particle with spin s. It is related to the direction of the unit vectorn on a two-sphere. The first term in Eq.(3.22) is the full Wess-Zumino term which takes into account the fact that the original quantum spin satisfies the algebra of the rotation group. The semi-classical energy E is the expectation value θ, φ|Ĥ|θ, φ of the Hamiltonian operatorĤ. We will be interested in the case where |n a and |n b are classical degenerate ground states separated by an energy barrier such that n a |Ĥ|n a and n b |Ĥ|n b are the smallest possible expectation values ofĤ.
Ferromagnetic models using the full Wess-Zumino term
We shall begin the analysis in this formalism by re-examining the tunneling behaviour considered as "model I" in the previous chapter. The classical anisotropy energy corresponds to the quantum spin HamiltonianĤ
We want to compute the tunneling of the magnetization directionn between its two equivalent directions corresponding to the coherent states |n a = |θ = π/2, φ = 0 and |n b = |θ = π/2, φ = π . Using the spin coherent state path integral developed above, the transi-tion amplitude is (3.24) and the Euclidean action is
The classical anisotropy energy E (θ, φ) is
where (θ, φ) are the spherical coordinates of the magnetization directionn and K z > K y > 0 are the anisotropy constants, s is the particle's total spin, M 0 = γs is its magnetic moment, and γ is related to the g factor. The Euclidean action (3.25) is similar to that in (2.7) except for an additional total derivative term. This term can be integrated out as:
where n is the winding number which counts the number of times the paths wrap around the north pole. As a total derivative, it has no contribution to the classical equations of motion, which can be derived by extremizing the action with respect to θ(τ ) and φ(τ ). However, in computing the quantum transition amplitude, this term has a crucial property which makes the tunneling behavior of integral (bosons) and half-integral (fermions) spins to be different.
To compute the classical action for the instanton, we notice that the conservation of energy E = 0 makes one of the trajectories imaginary, i.e cosθ orφ. Therefore only the first term in (3.25) contributes to the instanton action. If cosθ is imaginary, we will obtain the real instanton trajectory inφ, thus, the instanton action will have two terms: an imaginary term plus an additional real term. The imaginary term of the instanton action is responsible for the suppression of tunneling while the real term gives the action for the instanton trajectory.
On the other hand, ifφ is imaginary, we will obtain the real instanton trajectory inθ. Thus, the total action for the instanton becomes real and no suppression of tunneling can be found. Now, following the same approach in the previous chapter we see that cosθ is imaginary and hence the instanton action is
where B is given by
Unlike the classical action found in the previous chapter, there is an additional imaginary contribution in (3.28) which comes from the total derivative. Now, consider for example the path (θ(τ ),φ(τ )) connecting the two anisotropy minima atφ = 0 andφ = π, then owing to the symmetry of the action S 0 (that is excluding the total derivative term), the path (π −θ(τ ), −φ(τ )) will also solve the classical equations of motion and B will be the same for both paths but the total derivative term will be reversed: is
In the semiclassical (small ) approximation [6, 7] , the contributions of these two paths can be combined to give More appropriately, the tunneling rate can be obtained by summing over paths comprising of a sequence of instantons and anti-instantons winding over the barrier [6, 8, 13] ,
where K is the fluctuation determinant [7] , m and n are the number of instantons and antiinstantons in the paths respectively, E 0 = ω/2 is the zero-point energy in one well and B is where B is given by (3.29).
The cos(πs) is responsible for interference effect between instantons and anti-instantons. For integer spin s (bosons), the interference is constructive cos(πs) = (−1) s , and the tunneling rate is non-zero, however, for half-odd-integer spin s (fermions), the interference is destructive cos(πs) = 0 and the tunneling rate vanishes. As we pointed out above, the suppression of tunneling for half-odd-integer spins in this model is related to Kramers theorem. In subsequent examples, we shall break the time-reversal symmetry of the Hamiltonian by adding a magnetic field and show that the effect of suppression of tunneling still persists which is no longer related to Kramers theorem since the magnetic field breaks the timereversal symmetry of the problem.
Another example is that of a biaxial ferromagnetic particle with a magnetic field applied along the hard axis (z-direction) considered in [11] . The quantum spin Hamiltonian is of the
where K z > K y > 0 are the anisotropy constants, γ = gµ B > 0, H is the magnitude of applied field and g is the spin g-factor. This Hamiltonian is no longer time reversal invariant due the presence of the magnetic field, so Kramers theorem is no longer applicable. We want to show that the suppression of tunneling still persists at certain values of the field. The classical anisotropy energy corresponding to this Hamiltonian is given by
The minimum energy at φ = 0, π is obtained from the following conditions
The first condition gives u 0 = cos θ 0 = H/H c and the second condition is satisfied if H < H c = 2K z s/γ which is the case we are interested in. The classical anisotropy energy can thus be written as
which corresponds to two classical degenerate minima located at θ = θ 0 , φ = 0 and θ = θ 0 , φ = π. In order to compute the tunneling amplitude between these minima, we will follow the same approach as in model I. The classical equations of motion are the same as (2.8) and (2.9) and the conservation of energy (2.13) still holds for this model with E given by (3.36). Using the conservation of energy (2.13) we obtain the expression for cosθ in terms
where λ = K y /K z . We have chosen the positive solution in (3.37) for convenience. Using this equation and (3.36), we can now eliminateθ from (2.9) and obtaiṅ
). Upon integration we obtain the instanton solutionφ
Now, in this case the conservation of energy gives cosθ a real and imaginary terms. Thus, the classical action for this instanton path is: 
The tunneling rate is thus suppressed whenever [11] 
where n is an integer.
Suppression of tunneling in antiferromagnetic particles
In this section we shall consider antiferromagnetic particles and investigate the effect of quantum phase interference. It is well known that tunneling rate in antiferromagnetic particles is much higher than that in ferromagnetic particles. We will begin with the analysis of a 1D antiferromagnetic ring with N spinsŜ j coupled to a central excess spinσ with constant
j J c and a periodic boundary condition fig.(3.1) . The model is considered in [8] ,
the Hamiltonian of this system iŝ
where N is even. Using the spin coherent state path integral formalism similar to that of nonlinear sigma model [10, 13] , we have
The effective Euclidean action is of the form
where the Neèl vectorN and the unit vectorn σ are expressed in spherical coordinates. The classical anisotropy energy E(θ, φ) is given by: thus, the action has only a real part and no suppression of tunneling is expected. However, forσ = 0, the action has both real and imaginary parts and one should expect suppression of tunneling. In this case, we will simplify the problem by assumingN ⊥n σ ,K z >>K y and setting θ N = θ σ = θ, φ N = φ σ = φ. In the limit of this strong transverse anisotropy, θ does not fluctuate very far away from π/2, then we can write θ = π/2 − ϑ and expand the effective action to second order in ϑ, we obtain from (3.51) and (3.50)
Integrating out ϑ in (3.49) we obtain
where Therefore, we see that quenching of tunneling rate for half-odd-integer spins persists in antiferromagnetic particle.
The final model we will look at is the antiferromagnetic particles describe by the Neèl vector of two collinear sublattices whose spins are coupled by strong interaction. In the absence of the magnetic field, the two spins are opposite to each other S 1 = −S 2 , so the total spin vanishes. We will consider a biaxial antiferromagnetic particle of two collinear ferromagnetic sublattices with a small non-compensation and assume that it possesses an x-easy-axis and xy easy plane and a magnetic field h is applied along the hard axis (z-axis). The Hamiltonian operator for this model is given by [5] 
where K z > K y > 0 are the anisotropy constants, J is the exchange constant, γ = gµ B > 0, h is the magnitude of applied field and g is the spin g factor. The spin operators in the two sublatticesŜ 1 andŜ 2 obey the usual commutator relation
where i, j, k = x, y, z and α, β = 1, 2. Using the spin coherent state path integral representation we have
dτ L E and
(3.62) θ = π/2 − ϑ, then the effective Lagrangian to second order in ϑ becomes
Performing the Gaussian integration over ϑ we have
The constants are given by: I = I a + I f , where I a =m 2 /(2γ The tunneling is suppressed whenever h = (m 0 − n − 1/2)/Iγ, where n is an integer [14] . If h = 0, we see that the tunneling splitting is suppressed for half-odd-integer m 0 but survives for integer m 0 [5] . Therefore suppression of tunneling due to quantum phase interference occurs in both ferromagnetic and antiferromagnetic spin particles.
Summary 4.1 Conclusion
In conclusion, we have presented a comprehensive study of macroscopic quantum coherence and tunneling of spins in ferromagnetic and antiferromagnetic spin systems with arbitrary magnetic anisotropy energy using the path integral method. We computed explicitly the actions for the instanton and the bounce paths and the corresponding tunneling amplitudes in these systems. We obtained the crossover temperatures at which quantum transition is dominated by thermal hopping over the energy barrier. In the presence of a magnetic field, we found that the crossover temperature depends on the anisotropy field. Thus, for a particle with H c >> 1Tesla, a reasonably low temperature is required. It is experimentally possible to determine the crossover temperature due to its weak dependence on . However, the action for this systems was insufficient to explain the spin-parity effect in spin systems.
Using the spin coherent state path integral, we obtained an additional contribution to the action leading to a topological phase factor. We showed that this topological phase in the spin tunneling amplitude leads to both destructive and constructive interference between tunneling paths. In the case of destructive interference, the tunneling rate (energy splitting) is zero which leads to the suppression of tunneling for half-odd-integer spins while for constructive interference, the tunneling rate is non-zero for integer spins. We showed that the quenching of the tunneling rate for half-odd-integer spins is related to Kramers theorem if the Hamiltonian is time-reversal invariant, however quenching of tunneling rate persists when the Hamiltonian is not time-reversal invariant, in this case Kramers degeneracy is re-moved and the quenching of the tunneling rate is no longer related to Kramers theorem. We also showed that this spin parity effect occurs both in ferromagnetic and antiferromagnetic particles. Moreover, suppression of tunneling also occurs whenever the Hamiltonian commutes with its spin variables. Most of the results obtained in this essay have been verified experimentally and the research on macroscopic quantum tunneling of spins is on-going.
